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p |. Abstract 

CD ■ 

1-^1 We analyze systems where an effective large-N expansion arises naturally in gauge theories 

without a large number of colors: a sufficiently large charge density alone can produce a 

^N . perturbative string ('tHooft) expansion. One example is simply the well-known NS5/F1 

system dual to AdS^ x T^ x 5^, here viewed as a 5+1 dimensional theory at finite density. This 
model is completely stable, and we find that the existing string-theoretic solution of this model 
yields two interesting results. First, it indicates that the shear viscosity is not corrected by a' 
effects in this system. For fiow perpendicular to the Fl strings the viscosity to entropy ratio 
take the usual value l/47r, but for flow parallel to the Fl's it vanishes as T^ at low temperature. 

Psj ■ Secondly, it encodes singularities in correlation functions coming from low- frequency modes at 

a finite value of the momentum along the T^ directions. This may provide a strong coupling 
analogue of finite density condensed matter systems for which fermionic constituents of larger 

k><( ■ operators contribute so-called "2^^?" singularities. In the NS5/F1 example, stretched strings 

V^ . on the gravity side play the role of these composite operators. We explore the analogue for 

our system of the Luttinger relation between charge density and the volume bounded by 
these singular surfaces. This model provides a clean example where the string-theoretic UV 
completion of the gravity dual to a finite density field theory plays a significant and calculable 
role. 



1 Introduction 

The duality between Yang- Mills theory with a large number A'^c ^ 1 of colors and perturbative 
string theory has much improved our understanding of quantum gravity and of quantum field 
theory. A basic question which remains is to characterize which strongly coupled systems 
should admit a gravity dual, or at least a perturbative string theory dual. In this note we 
consider examples where the latter arises not because of large Nc, but because of large density. 

At large density n, a system of particles with a weak coupling constant may interact 
strongly simply because the particles scatter at a large rate F ~ anv where v is the typical 
particle velocity. In low temperature quantum condensed matter systems, this scattering 
picture is not appropriate but the same question arises: could strong coupling arise simply 
because of finite density effects in an otherwise weakly interacting system? If so, under what 
conditions is this strong coupling physics controlled by an effective 'tHooft expansion? 

In simple holographic models, we will see that the existence of a perturbative string 
description does not depend on the underlying theory being a large- A^c gauge theory. Using 
the original strategy [1], one can obtain a non-gravitational low-energy theory by taking a 
near-horizon limit of a higher-dimensional brane system with strong gravitational redshift. 
Generically, there are multiple sectors of branes in such a construction, each extended over 
some directions and distributed along others. Some subset of these branes contribute a 
density of lower-dimensional charges, as opposed to contributing Yang-Mills "colors" (adjoint 
gauge fields and other matter propagating in the in the d dimensions of the field theory) or 
"flavors" (such as fundamental matter representations). Moreover, one may isolate the very 
low energy theory, remaining agnostic about its UV completion. As we will see shortly, it is 
straightforward to determine under what conditions the density branes contribute dominantly 
to the gravitational redshift and produce a controlled supergravity or classical string theory 
solution. One example which we will focus on is in fact a classic example of AdS/CFT, built 
from a combination of 1-branes and 5-branes, simply treating it as a 5 + 1 dimensional theory 
at finite density. 

This question may be of particular interest in attempting to apply the holographic cor- 
respondence to condensed matter problems, where large- A^c Yang-Mills theory does not arise 
naturally, but finite density is crucialo One basic question that has arisen in condensed 
matter theory has to do with so-called "2/^^?" singularities. In weakly interacting fermi liq- 
uids, there are low-frequency, finite-momentum excitations of particles and holes. In a free 
theory, this spectrum truncates at twice the fermi momentum, leading to singularities in 



^Indeed, from a different (reasonably realistic) starting point, S.-S. Lee suggested a specific way 
in which finite-density fermion physics may lead to a 'tHooft expansion in a theory with Nc = 1 
[2]. Although that example turned out to hold further subtleties that may obstruct a simple 'tHooft 
expansion [3] , the general idea works in other examples as we will see. 



the density-density two point function. Various arguments and calculations indicate that 
this behavior persists beyond the free theory [1], extending to situations where the under- 
lying fermions are constituents of larger gauge-invariant operators. At strong coupling, the 
traditional field theoretic calculations are more difficult to control, and it is interesting to 
ask whether singularities from soft modes at nonzero momentum occur for holographic field 
theories. 

Progress on strongly coupled Fermion physics was made by introducing probe fermions 
in a much larger finite density field theory [5] , yielding theories with fermi surfaces and non- 
fermi liquid transport in the probe sector (before including various instabilities) . But in these 
cases [5] and others [6] with a simple mechanism for non- Fermi-liquid transport, the leading 
supergravity contribution to the density density correlator computed on the gravity side (at 
large radius and weak coupling) does not exhibit singularities in momentum (see [7] [8] and 
[9] respectively). 

As we will discuss further below, exhibiting any singularities in momentum that do persist 
at strong coupling might generically require string theoretic or quantum corrections, since it 
may require exposing particle/hole pairs. In particular, there have been suggestions that in 
some of these examples string-theoretic corrections could become important and be sufficient 
to introduce such effects, given a stable and controllable solutioncl 

1.1 Lord of the Strings fan physics 

In exploring large-density field theories, we find that a classic example of AdS/CFT - the 
subject of the epic trilogy [H] and other important works such as |12j |13) |14j - realizes this 
idea in a precise way. Namely, the infrared limit of the system of N^ Neveu-Schwarz 5-branes 
and A'^i fundamental strings (extended along one of the five spatial directions, and smeared 
in the other four) is dual to AdS^ x i?^ x 5'^. This has mostly been viewed as an example of 
AdS2,/CFT2 duality. It is, however, equally valid to describe it as a 5+1 dimensional non- 
gravitational theory at a finite density of 1-dimensional extended objects (related to instanton 
strings in an appropriate limit). We will focus on the infrared region of this system. The 
case A^i = was analyzed in a similar spirit in the work [15]. Using the beautiful solution of 
this theory developed in [13] [12] [llj , we can read off very precisely the stringy corrections to 
transport, and to the more detailed structure of correlation functions. We find three main 
results: 

(1) For flow perpendicular to the strings, the shear viscosity (a zero momentum quantity) 
is equal to the entropy density times l/47r, uncorrected in classical string theory (as found 
earlier for A^i = [15j). 



^One example may come from the infrared region of DBI flavor branes, where ultimately string- 
theoretic effects become important |10j[6]. 



(2) For flow paraUel to the strings, the shear viscosity to entropy ratio vanishes as T^ at 
low temperature. Thus, given the anisotropic nature of this system, it approaches a perfect 
hquid crystal. 

(3) There are singularities in momentum which go down to arbitrarily small frequency, 
realizing an analogue of "2^^?" singularities in this strongly coupled system. 

Previous studies of the shear viscosity tensor in anisotropic holographic systems include 
[E] [E] [19] [20] [21] [22] . Refs. [H] [20] [21] [22] found nonuniversal values for certain components 
of this tensor. In particular, Ref. [22] found a value less than the usual universal bound, in 
the anisotropic plasma based on dissoved branes introduced in [23j . 

The supersymmetry of this example — while excessive in comparison to real world systems 
— is very useful in establishing the stability of the background. A complication in finite 
density holography is that it has been difficult to establish UV complete solutions extending 
arbitrarily far in the infrared including backreaction; various interesting instabilities and 
singularities arise which remain to be fully understood. Recent progress was made in [24j 
where a supersymmetric magnetic brane system leads to AdS2 x i?^o 

2 Large density expansions: general considerations 

To begin, let us check the conditions under which large density can drive a controlled gravity 
or string theory description of a field theory. To this end, we will analyze the contributions 
of various brane sources to the curvature radius and string coupling. Let us consider systems 
with approximate translation invariance in some number p of the spatial directions, with a 
finite density of dp-dimensional objects distributed nearly uniformly along p directions. We 
will view this as a candidate p+dp + 1 dimensional field theory at finite density. For simplicity 
we will start by exploring a density of pointlike charges {dp = 0), considering DO-branes in 
type IIA string theory, but our main example will involve a density of fundamental strings 

(dp = 1). 

The simplest way to introduce a small- A^ gauge theory sector is semiholographically |26] . 
weakly gauging the fiavor symmetry under which the density branes are charged. More 
generally, we can include a combination of Nc color (p + (ip)-branes along with the density 
branes (leaving out fiavor branes here just for simplicity), and ask under what circumstances 
a controlled dual may be obtained with Nc not much greater than 1. 



^Some arguments [33] suggest that any AdS2 geometry should ultimately be unstable in the deep 
infrared. 



The effective action in superstring theory has the schematic form (in the string frame) 

d^^x / 1 „ 1 



^ + 3l%)l' + El^(p)l' + --- • (2.1) 



a'^ \9s 9. 

Here Qs ~ e is the string couphng, related to the dynamical dilaton field ^. 7^ is the 
curvature scalar, if (3) = dBr2) is the field strength corresponding to a two- form Neveu- 
Schwarz (NS) gauge potential ^3(2), and F(-p) = (iC(p_i) denote Ramond-Ramond (RR) field 
strengths. The values of p which appear depends on the particular version of string theory 
under study (odd for type IIA, even for type IIB). D-branes are charged under RR gauge 
fields, while fundamental strings and NS 5-branes are electrically and magnetically charged 
under the NS gauge field. In the gravity solutions for the branes, the corresponding fluxes 
are therefore turned on, a feature which will be important momentarily. 

It is straightforward to use the scalings of the various source terms in the action to 
determine under what circumstances we can obtain a controlled holographic large-density 
theory in p+ 1 dimensions without a large color sector. For this purpose we may simply work 
in in the string frame, and we will not consider situations with any finely tuned cancellations 
among different sources. We have a curvature term 

4^-^' (2.2) 

ai 9iR^ 

where R is the curvature radius of the solution in units of the string tension. A density of 
DO-branes smeared along p directions leads to a term of order 

I 77^ |2 PO /o ON 

in the gravity solution. Here po = No/Lp (with Lp the size in string units of the p dimensions 
along which the DO-branes are smeared) . Similarly, a density of fundamental strings smeared 
along p directions gives a term 

1 I TJ |2 9sPF1 fr, A\ 

where ppi = Npi/Lp and if (7) is the field strength magnetically dual to if (3)- Unsmeared 
color Dp'-branes contribute a term 

Ar2 

IP |2 ^^Dp' /^ ^^ 



while NS5-branes contribute a term scaling like 



1 N"^ 



A perturbative string description requires Qs <^ 1, and a general relativistic description 
requires further that the curvature radius in string units be large, R ^ 1. This happens at 
all scales in solutions with an AdS factor, but it is also useful if it occurs over a large but 
finite range of scales (corresponding to a large radial distance in the corresponding gravity 
solutions) [27J. 

Consider first a smeared density of DO-branes |28j . Matching the terms (12. 3p and (I2.2p . 
we find that any solution in a large-radius regime will satisfy 

R'-" ~ 9sPo . (2.7) 

This kind of relationship is familiar in AdS/CFT (even for non-conformal branes), but with 
the number of colors Nc playing the role that is played here by po, the proper density of DO- 
branes on the gravity side in units of the string tension 1/a' . This dimensionless combination 
can also be described on the field theory side, by considering the dual description of a string 
state to incorporate the a' scale that appears hereQ In our main example below, the NS5/F1 
system, we will find a simple field theoretic way to characterize this by relating the density to 
the position of a certain singularity in momentum space that can be read off from correlation 
functions. 

The relation (j2.7p suggests that density itself can form the basis of a controlled expansion, 
a statement borne out by the supergravity solution. In string frame, the near horizon solution 
is 

ds^ = -H-^l^fdt' + H^'\r^dr^ + r^dn^ + dx^) 

^20 ^ ^3/2^2 

A = cothp{l-H-^)dt (2.8) 

with 

/ N Tn ''sinh (3 „ r^.^^ 

H{r) = ° ^,_, f = ^-Vr^V (2.9) 

Here the constants /? and rg are related to the charge density and temperature of the dual 
theory [28] . The Hamiltonian describing this plasma at zero temperature is the maximally 
supersymmetric matrix quantum mechanics, and the existence of the supergravity solution 
suggests that there is a threshold bound state with the symmetries of the above solution, 
analogously to the supergravity solution for localized DO-branes |27) , which form a threshold 
bound state [30l. 



^It seems interesting that in the dense DO-brane plasma, strings correspond to current loops. (This 
is the T-dual of electric flux, which in AdS/CFT is the field theory dual of strings for the case of Dp 
color branes [29].) 



One interesting example is the p = 3 case, for which the metric in string frame is 

^2 o2 n2 

ds"^ = --^fdf + —dx^ + Y^dr^ + R^dCl^ (2.10) 

where B? = rQ|sinh/3|. This metric is very similar to the black D3-brane metric, with the 
distinction that the three spatial directions coordinatized by x here grow toward the IR (small 
\gtt\) rather than shrinking. (Also, the dilaton runs in the smeared DO solution, unlike in 
the D3-brane solutions.) At nonzero temperature, the system may have instabilities toward 
clumping of the matrix eigenvalues as indicated by the near-horizon version of the Gegory- 
Laflamme instability |31j . something that would be interesting to see directly in the dual field 
theory. 

So far we have N^ = ^ here, but we may obtain an effective small-A'^c gauge theory 
by weakly gauging a flavor symmetry in the DO-brane system, that is semi-holographically 
coupling one or more of its flavor currents to gauge fields and computing the plasma effects 
on the gauge field propagators (at least at zero temperature). Doing this for a RR gauge field 
(which does not couple to the dilaton classically) we obtain a system which is similar to the 
study in [32] of the plasma physics of the N = 4 SYM theory; the main difference arises for 
nonzero momentum modes along the x directions. In the case of the DO-brane plasma, the 
momentum modes are unsuppressed as we go toward the IR. 

If we add Np color Dp-branes to the DO-brane density smeared along p directions, the two 
compete with each other and with curvature if Np ~ po ~ R^^^/ds ■ This requires a large-color 
theory for holographic control. A similar example is the D1/D5 theory, for which R^ ~ Qs^d^ 
and N£)^ ~ pm. In these examples, although large Nc is required to obtain a large radius, 
the holographic control of the infrared behavior is driven by the large density. In the absence 
of the density of Dl-branes, the field theory becomes weakly coupled in the infrared, and the 
gravity dual correspondingly becomes highly curved. The density of Dl-branes prevents this 
breakdown of the geometry. 

If rather than allowing the two terms to compete, we keep the DO density dominant 
(considering a regime with po ^ ^p)) then we go beyond the usual near-horizon limit of the 
Dp-brane color sector, and the color branes are probes of the geometry dual to the DO-brane 
density. In this regime, in other words, the DO-brane density is still the dominant effect 
causing the brane system to decouple from gravity. 

If we add N^ NS5-branes to a density of DO-branes smeared over p = 5 directions, we 
obtain a solution with (over a range of scales) R^ ~ N^ and ^f^ ~ N^/pQ. Thus we obtain 
a weakly coupled string theory even if we consider a system with a small number of NS5- 
branes. A solvable analogue of this is what we will consider in detail in the remainder: the 



combination of N^ NS5-branes and A^i Fl-strings. This yields 

Pia' 



R^^N^a', <7s~T% (2.11) 



where in this expression we make the dimensions manifest; R = Rya' and pi = pi/a' are 
the curvature radius and fundamental string density. Again in this example a weakly coupled 
string theory limit is obtained at large density. As described above in the case of smeared 
DO-branes below ()2.7p . the criterion pi a' S> 1 can be described also in field theory terms. 
We will return to this below, finding a simpler way to describe this dimensionless quantity 
in terms of singularities of correlation functions in momentum space. 

3 NS5-F1, viscosity and singularities in momentum 
space 

This last example is of course one of the original examples [I] of AdS/CFT duality. Our 
point here is that it is useful to view the low energy NS5/F1 system as a 5+1 dimensional 
non-gravitational theory at finite density. In particular, we will see that the solution [11] 
encodes interesting physics involving singularities in momentum space. 

Let us first briefly review the system of N^ NS5-branes on a T^ and A'^i fundamental strings 
smeared over the T^. At high energies, this is an exotic non-gravitational 5+1-dimensional 
theory known as "little string theory" [33]. This is an interesting UV completion of the 
low energy theory that we will analyze below, but it is more exotic than we need for our 
application and we will not make use of it. For sufficiently large N^, there is a range of scales 
where the theory is a 5+1 dimensional Yang-Mills theory. 

In the deep infrared, the system reduces to string theory on the target spacetime AdS^ x 
T^ X S*^ , with N^ units of magnetic 3-form NS-NS field strength Hijk on the S"^ and N^ units of 
electric flux iJoi2 on AdSs, with radius RAdS ~ V^ and with string coupling gs ~ (N^/pi)^'"^ 
where pi = Ni/V^ia' is the Fl density on the T^. This is an exactly solvable theory at the 
classical level in string theory, including all the a' effects which distinguish string theory from 
pure supergravity in the bulk. These are encoded in the A^s-dependence of the correlation 
functions. From the expression for the string coupling, we see that there is a good perturbative 
string expansion even if N^ is not large, by virtue of the large density. 

Let us focus on the infrared region, treating the four T^ directions as part of the space 
on which the dual field theory lives. We may take a decompactification limit where the T^ 
becomes simply i?^. We may also consider semi- holographic couplings of the IR theory to 
other sectors of fields ^6j, retaining significant control using the t'Hooft expansion of the 
holographic sector. 



3.1 Operators 

In the supergravity (SUGRA) limit, gravity-side fields are dual to CFT operators. We will 
be concerned with string-theoretic effects that go beyond the SUGRA limit. One can analyze 
perturbative string theory using a first quantized path integral, written schematically in terms 
of the spacetime metric Gmn and the worldsheet metric 7^/3 as 

[Z)X][Z)7]e^^'^'^^^^*^'^W^"''^-^*'^'3^"+- , (3.1) 



where the worldsheet fields correspond to embedding coordinates X*^. In a flat "target" 
spacetime, the metric Gmn = Vmn is independent of the embedding coordinates, and this 
action is Gaussian in the X^^ , leading to a relatively straightforward analysis. But on curved 
spacetime backgrounds, Gmn depends on the X^ and this path integral is not Gaussian; 
there are nontrivial a' corrections. For the AdS^ case, the symmetries of the problem help, 
and a complete solution has been proposed [I2j ^13j ^11] . We will adopt these results to read 
off interesting properties of current correlators in the corresponding finite density field theory. 

In the standard first-quantized description of perturbative string theory, single-string 
states are in one-to-one correspondence with integrated "vertex operators" living on the 1-1-1 
dimensional worldsheet of the string, the theory (13. ip of two-dimensional gravity coupled to 
matter fields describing the embedding of the string in the ambient spacetime. 

There are many limits of string theory in which a perturbative description applies. The 
simplest technically is the bosonic string theory in flat space or in a sufficiently symmetric 
background to be solvable, such as AdS^. This theory has an instability at the quantum level 
(a negative mass squared mode in the spectrum), but can be consistently analyzed at the 
classical level. This case was worked out in detail in [11], the the superstring generalization 
is discussed further in |12j|14j. The essential physics of interest can be understood in either 
case: at the semiclassical level one finds singularities in correlation functions at finite T^ 
momentum which are accounted for by string configurations that stretch out toward the 
boundary at zero cost in energy; this effect is common to the bosonic and fermionic strings. 
It is interesting to note that the "2A;i?" singularities we are aiming for are related to fermion 
physics in condensed matter theory, but that we find the same kind of singularities from soft 
modes at nonzero momentum also in the classical bosonic string. But it is only the fermionic 
case which is stable, so it is only for that case that we have a well defined field theory dual. 

We will write the results for the superstring following Ref. [H]. In comparing this to the 
bosonic results of fjl], the two worldsheet models share a sector which is a bosonic SL{2,R) 
WZW model at level N5+2. (In the notation of Ooguri and Maldacena |11J, our N^ translates 
to their k — 2, with k the level of the SL{2, R) WZW model.) Readers who wish to skip the 
technical background (which we will only be able to briefly summarize here in any case) can 
go directly to the results for current-current correlators discussed in section 13.41 below. 

9 



The worldsheet CFT has a product target space AdS^ xT'^ x S^, so the vertex operators 
are schematically of the forrro 

' d^zVAdsVT^Vs^- (3.2) 



These satisfy the worldsheet physical state conditions, generalizing the supergravity equation 
of motion. Two of these conditions are that the total dimension of the vertex operator adds 
up to 1 for both left and right moving degrees of freedom on the string, i.e. that it form a 
"(1,1) operator" on the string worldsheet. 

The spectrum and correlation functions of this theory were first analyzed in full detail in 
the bosonic case in [11] . and we will draw heavily from their results. We consider first scalar 
operators on AdS^ which are left-right symmetric in both the worldsheet conformal field 
theory and in the dual CFT2: the various conserved currents can be constructed in terms of 
these. The vertex operators VacIS that we will be interested in are indexed by two numbers, a 
continuous variable j G (|, — ^^) and an integer w [TT]. We will start by considering w = 0, 
which will apply for a finite range of R^ momentum q: < |g| < g*; we will give the value 
of g* below. In this range, the vertex operators for scalar operators have an AdS component 
denoted $j |13j |12j[TTj . which is a scalar primary operator of the SL{2,R) current algebra. 

The dimension of the resulting operator in the dual CFT2 is 

A = Al + Ar = 2j. (3.3) 

The worldsheet scaling dimension A^s of the AdS^ part of the vertex operator dimension is 
given by 

^WS ^ i(j - 1) .3 ^^ 

where N^ is the number of NS5-branes in the original brane construction. 

The physical state condition requires that the AdS^ contribution to the worldsheet di- 
mension of the vertex operator be negative for positive values of the dual CFT dimension 
(j3.3p . This is similar to flat spacetime string theory, where the part of the theory involving 
the temporal embedding coordinate X^ is a nonunitary CFT which contributes negative- 
dimension operators of the form e"^^ to physical vertex operators. When combined with 
spatial momentum e '" and other contributions to the vertex operators describing string 
oscillations, the physical state condition becomes the mass shell condition w^ = fc^ + m^. The 
AdS^ case is a generalization of this, for which the physical state conditions require 

_ i(j - 1) ^ws,T4 ^ws,S3 ^ ^ , . 

N5 2 2 ^ ' ' 

The first, negative, term here is the worldsheet dimension of the AdS^ part of the (uninte- 
grated) vertex operator (13. 4|) . 



^Here we describe the vertex operators in the "zero ghost picture" for simplicity. 

10 



An important contribution to A^^ ^4 comes from momentum q in the T^ directions, in 
general: 

^ws,t4 ~ — (^ + oscillator (3-6) 

where "oscillator" refers to oscillator excitations in the T^ directions. 

As mentioned above, j G (2, ^2 )' ^'^^ obtains dimensions outside the corresponding 
range of q in (j3.5|3.6p from an additional quantum number w associated with spectral flow 
[llj . We will briefly describe those sectors below after first completing our discussion of the 
physics of the u) = sector. 

3.2 Spacetime currents 

We would like to compute quantities such as the shear viscosity and current-current two point 
functions which are natural to consider in finite density field theory. In this subsection we will 
explore the structure of currents in the AdS'>, xT'^xS^ string theory, focusing on the transverse 
components which will largely suffice for our application. A systematic description of physical 
states and current components in our 5+1 dimensional finite density theory appears in the 
appendix; see e.g. |12j for an analysis of currents in the 1+1 dimensional CFT dual. 

Consider a current J^ in the full 5+1 dimensional field theory. Its conservation requires 

dx^r + df.J'^ = (3.7) 

where r labels the T^ directions and fi the 1+1 spacetime directions occupied by the CFT2 
dual to AdS^. At zero momentum q^' along the T^ directions, these currents reduce to currents 
in the CFT2, satisfying dx-J = = dxJ, explained in [12]. We would like to understand these 
operators at nonzero momentum g^. 

One example is the stress-energy tensor Tmn, which in the (super)gravity limit is dual to 
the metric perturbations Gmn- The two-point function of its components T^s along the T^ 
directions at zero momentum determines the shear viscosity in these directions j34j . For this 
operator, in the case its indices rs are transverse to any momentum q on the T^ directions, 
the internal worldsheet vertex operator is Vt4 ~ dX^dX'^e^'^'^ + fermions, with worldsheet 
dimension A„sy4 = 2(1 + a'q'^/4). This leads to 

'^'-'^ -''''' -^-'^ + V^Tl^k^), (3.8) 



A^5 4 ■ -^ 2 

which agrees with the usual AdS2,/CFT2 dictionary for a massive scalar in AdS^, with q^ 
playing the role of the mass squared in the reduction to 2+1 dimensions (note that the AdS 
curvature radius squared ~ N^ at large N^). Recall (|3.3p that j is half the total (left+right) 
dimension of the operator in the dual CFT2. Similar comments apply to the string current 
Jmn dual to the Neveu-Schwarz antisymmetric tensor field Bmn- 

11 



The vertex operator for transverse T'"'' is straightforward: 

f (fz V' = I <fz ^jdX'BX'e'''-^ , (3.9) 

where q, X are along the T^ directions and <I>j is the scalar primary operator of the SL[2, R) 
current algebra mentioned above, with (Left, Right) dual CFT2 dimension (j, j) and world- 
sheet dimension {—j{j — l)/N^, —j{j — 1)/N^). 

In the un-spectral-flowed window of j and g values, we have an explicit expression for ^j 
at the classical level on the worldsheet [11] 

1-27' 1 , , 

^7 = -^^ > ^TaT^ (3-10 

in terms of the Poincare embedding coordinates 

ds\ds,=d(t>'' + e^^d-id^. (3.11) 

This is a string-theoretic generalization of the bulk-boundary propagator, which asymptotes 
to a delta function e^^^~'^''^5^'^' {x — 7) at the boundary (up to the indicated power of the warp 
factor e^"~^' determined by the scaling dimension j of the corresponding CFT2 operator 
Oj). In the supergravity limit, this normalization ensures that the bulk field reduces to the 
source (pQ for Oj. This remains true after including a' effects: the equations of motion get 
corrected in the bulk, but the boundary condition remains the same |13j . 

3.3 Scales 

The CFT2 dual to AdS^ is of course scale invariant. Nonetheless, in the 5+1 dimensional 
description of the theory, there is a dimensionful quantity (the density) in addition to dimen- 
sionless couplings that may be varied, the latter corresponding to moduli on the gravity side. 
The dimensionful parameter comes about as follows, similarly to the AdS2 x R^ case [5] [7]. 
Physical quantities are naturally expressed as functions of momentum q. In (j3.8p - and as we 
will see in many quantities that depend on it - there appears the combination q'^/jl'^ where 
/i^ = l/N^a'. Using the relations (12. lip , we can relate fl to the density pi: 

~2 1 9. 



r-^-^VPi- (3.12) 

We will find singularities in correlation functions at various nonzero momenta, the first ap- 
pearing at a value g* determined below; q^ will also be proportional to y/pi but with a 
different dependence on N^. 

This is analogous to the appearance of the Fermi momentum scale kp in the low-energy 
theory of weakly interacting fermions at finite density. There, if one considers small frequen- 
cies, this limits one to the region near the Fermi surface. In this infrared regime, locally on 

12 



the Fermi surface the physics does not retain any dependence on kp. However one can detect 
the scale kp via low energy probes at large momentum, in particular from the 2kF singular- 
ities in correlators such as the density-density two point function. With small interactions, 
one finds additional singularities at higher multiples of kp. 

Before continuing, let us note that this is also analogous to the AdS2 x R^ theory consid- 
ered in [5][7j. There, if one UV completes the theory with a 2+1 dimensional CFT dual to 
^^5*4, one can relate the analogue of jl arising in that theory to the chemical potential of the 
UV CFT. However, one may also work directly with the theory dual to AdS2 x R'^, perhaps 
coupling it semi-holographically to other fields [26]. In that case, one again detects the scale 
jl by its appearance in the correlation functions written in terms of the R^ momentum. 

3.4 Two-point functions, viscosity, and singularities 

As explained extensively in [llj . the correlation functions of our model can be computed 
explicitly. For simplicity, we will focus on the components of the two point Green's functions 
which are related to transport and which have been studied in weakly coupled fermion systems 
to exhibit 2kF singularities. 

In momentum space, at zero temperature the normalized imaginary part of the retarded 
2-point Green's function for scalar operators O with dimension A = 2j = 1 it y^l + N^q^a' 
takes the form 

l^{Gf)\T=o,scalar = C{u? - qlf^-'Oioj^ - ql) sin(2^j)^|-^ (2i - If X B{j) . (3.13) 

The coefficient C can be related to the basic parameters of the model; we will do this shortly. 

As discussed above, we are particularly interested in the two point functions of currents 
in our dual 5+1 dimensional field theory at finite densityjj The shear viscosity is given by the 
two point function of T^-g (with r ^ s both along the T^ directions), at zero momentum. This 
is a scalar operator from the point of view of the 1+1 CFT dual to AdS^, so it behaves as 
in (j3.13p . The transverse currents J^'^, with q^ = Q = q^ also correspond to scalar operators 
with the two point function (j3.13p . 

Now let us discuss the coefficient C. It is proportional to 1/^^; this scaling of this 
coefficient with the string coupling Qs follows from the iJZ + \Hi^\\^)/ g1 term in the gravity- 
side Lagrangian (j2.ip . This is similar to the factor C oc L\^g / k\ in the Reissner-Nordstrom 
black brane case ^ , which scales like the number of field theoretic degrees of freedom of the 
field theory dual (i.e. the area in Planck units of an AdS radius size region [35]). We will 
comment on this further below in comparing our results to Luttinger's theorem. 



^This is partly for convention's sake; singularities associated with soft modes at nonzero momentuni 
appear in the two point functions of general operators. So any transport measurement would manifest 
such modes. 
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These two point functions include the factor 

m = I ^^r:—^ 1 ^: . ^:iu (3.14) 




r[i- 


2,?-ll 


r[i + 


2i-ii 



The A^5 dependence of the two point function encodes stringy effects, and through the ratio 
(2j — l)/N^ with j given by (j3.8p it encodes nontrivial momentum dependence on the T^ 
which is also stringy in origin. We will discuss these effects further below. In the supergravity 
limit, the formula (j3.13p reduces to the corresponding normalized two point function [36j. As 
mentioned above, the normalization was fixed more generally by Teschner [13j. 

The corresponding finite temperature result for the scalar operators ()3.13p is then given 
by 

"" mTTlj^^-^ " l)'«i^(2^i)^(^' - ll) sgn^ 

X B{j) sinh(w/2r)|r[i + ip+/2TTT]T[j + ip^/2TrT]\^ . (3.15) 

Here p± = {uj i: qa)/2, with a the spatial direction along the boundary of AdS^. In general, 
the factor B sits in front of all the two point Green's functions. 

The normalized 2-point functions exhibit very interesting features at zero momentum and 
at a nonzero momentum g^<: 

3.4.1 q—^0 and viscosity 

From ()3.8p . j = 1 at ^= 0. Plugging this into p.l4p . we see that the N^ dependence is com- 
pletely eliminated; the T functions with iVs-dependent arguments in (I3.14p completely cancel 
out. Thus, for zero-momentum transport calculations, including the viscosity to entropy ratio 
r]/s, the supergravity result is exact. 

The absence of a' correctionqj was found previously for the NS5 system but at vanishing 
Fl density from the spectrum of hydrodynamic modes [15]. We can carry out the same 
analysis hereo Poles at cj — )• can arise only from the final F function factors in the finite 
temperature two point function (|3.15p . These are at 

{lo ± q„) = -iiriTh (3.16) 

where h is the spacetime (dual CFT2) weight (for left movers). So to get a hydrodynamic 
mode we need an operator whose h (or h) vanishes when q goes to zero. In the Appendix, we 



^Note that a'/R^ - l/N^, Eq. (gH])) . 

®We thank Andrei Parnachev for suggesting that we look at the hydrodynamic modes. See [37] for 
a review of the corrections to i]/ s in other examples. 
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construct the states corresponding to more general components of the currents, going beyond 
the simplest, transverse components we have so far used. Among these, the components Txx 
and the transverse part of Txr have the property we need, left-moving dimension j — 1- For 
these, 

j{j - 1)/A^5 = a gV4 ^ J - 1 ~ a'N^q^/A. (3.17) 

At 5(7 = this gives the dispersion relation 

-iu} = TTa'TNr,q'^ . (3.18) 

For Qcr nonzero, the behavior is not hydrodynamic, due to the infinite set of conserved quan- 
tities in the CFT. 

As explained in [15], this is to be compared with the hydrodynamic relation 



-iu}{e + P) = 7]q'^ . (3.19) 

The rest energy density of the F-strings, e = Ni/27ra'Vj^4, dominates the pressure, and so 

7] = TNiN^j2VTi . (3.20) 

The central charge is &NiN^, giving an entropy density S/Vi = 2itTNiN^, and so 

r]VTiVi/S = 1/4tt (3.21) 

This agrees with the result from the zero-temperature two point function; the supergravity 
result is uncorrected. To be precise, this holds for the velocity of the fluid, and the shear 
~ q, both along the T^. This corresponds to the correlator of T^s considered above, and to 
the hydrodynamic pole in the correlator of the transvere part of Txr- 

When the motion of the fluid is parallel to the F-strings (and the shear still on the T ), 
the relevant e and P are only from the CFT excitations, and so of order T^, 

e = P = ttT^NiN^/Vt^ . (3.22) 

By symmetry, Tqi = Txx — Txx should couple to these modes, and we observe the same 
hydrodynamic behavior (j3.19p as before. This then gives 

r] = 2TT'^aT^NiNl/VTi, 7]Vt4Vi/ S = tt a' T^Nr, . (3.23) 

That is, the viscosity to entropy ratio goes to zero with T^. We can verify this surprising 
conclusion from the Kubo formula. Current conservation relates Txx to the longitudinal 
part of Txr, whose dimension at g = is (2, 1). For this current the factor T^J"^ fj-gm the 
correlator (13.151) becomes 7"2(m+m-i) _ ji4_ Combined with the T^^ from sinh6t;/2T this 
gives a viscosity of order T^, as found from the hydrodynamic mode. 
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Of course, this is a rather exotic and anisotropic system: we might say that these are 
the most perfect hquid crystals. The anisotropy seems to play an essential role here. It is 
as though the flows carried by the different F-strings do not interact strongly, so there is no 
large resistance when the velocity has a gradient perpendicular to the strings. 

The shear viscosity tensor was previously studied in anisotropic holographic systems be- 
ginning in Refs. |17j|18j . In some systems [H] [20] [21] [22] nonuniversal values for certain 
components of this tensor have been found. In particular, Ref. [22] found result very similar 
to ours in an anisotropic plasma based on dissoved branes |23j . The mixed components of the 
viscosity tensor lie below the usual universal bound, and fall with decreasing temperature. 

3.4.2 Large-g singularities 

There is an interesting divergence in the 2-point functions, coming from the factor r[l — '^~] 
in (j3.14p . This occurs when j — )• ^^ , which means that q'^ approaches 

This is the upper limit of the region of momenta we are considering so far; see the next 
subsection for a brief discussion of larger bands of momenta obtained via the spectral flow 
procedure derived in [11]. We can turn p.24p around and describe the control parameter gs 
in field theory terms as the ratio (^lyfpx times a function of iVs (which we hold fixed). 

This divergence has a simple explanation on the gravity side [38j|llj. where it can be seen 
to come from long circular strings which can stretch out to the boundary at a finite cost in 
energy of order the string tension times the AdS radius; the attraction to the center of AdS 
is exactly balanced by the electric field pushing out on the strings. The field theory side is 
very strongly coupled, and we do not know how to derive this effect independently using field 
theory techniques. 

In Fermi liquids, 2kp singularities in the density-density correlator arise from particle- 
hole pairs. It is interesting to compare (I3.24p in our system to that, to see if (and in what 
sense) it may be analogous. Let us first more generally consider at what level one might 
expect such singularities to be visible, i.e. whether they require string-theoretic and/or finite 
N quantum physics on the gravity side. The most obvious way to expose particle-hole pairs 
is at one loop on the gravity side, and that may be required in many examples. In some 
examples - such as ours - an analogue of particle/hole pairs arises already in classical string 
theory, i.e. including all a' effects but not requiring loop effects on the gravity side. Another 
such example may arise from DBI flavor branes [9] [6] [10]. There, particle/hole pairs would 
be analogous to the positive and negative charges on the end points of open strings on the 
flavor D-brane. Moreover, at finite density the D-brane electric field grows large, reducing the 
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effective open string tension, making sucli strings energetically accessible even at relatively 
low scales. It may even happen that in some set of examples, 2A;_p singularities arise already 
at the classical supergravity level; some indications from entanglement entropy calculations 
suggest this according to recent works such as [39j. 

In all cases, one may estimate the relevant scale at which momentum singularities will 
occur if a Luttinger relation holds, as we will next discuss. One final general remark is that one 
may be able to isolate the physics leading to the singularities in correlators without necessarily 
computing the full correlation function. (In the present F1/NS5 case, the singularity is 
understood in a much simpler way than the full solution to the model, though both have 
been determined.) It would be interesting to pursue this for all stable examples, to check 
whether "2^^;'" singularities generally persist at strong coupling. 

In our F1-NS5 example, one obvious complication in making the comparison is that our 
density is a density of extended strings rather than particles. Charge neutral excitations in our 
system which may be analogous to particle-hole pairs include the circular strings described 
above, not just string-antistring pairs. In the next section, we will consider sectors involving 
multiply wound loops, which may perhaps be viewed as analogues of multiple particle-hole 
pairs. Before that, we will compare to Luttinger's theorem in order to explore further the 
analogy between our singularity at g* (j3.24p and 2kF singularities. 

The Luttinger theorem and its generalizations play a central role in condensed matter 
theory |3j. Let us describe the relation and how it may be used to predict the scale of ^^Ikp" 
singularities if they persist to strong couplingO For pointlike quasiparticles (as opposed to 
our density of extended strings), this relates the volumes Vf of the Fermi surfaces of a model's 
elementary fermion fields to the charge density (Q) = (average number of charges) /volume 
under a global symmetry. There is one relation for each global U{1) symmetry 0]. 

{Q-)=Y^Q-Vf,, (3.25) 

/ 

where Q'l is the (integer) charge of the /th sector of fermions with respect to the ath global 
C/(l) symmetry. In a holographic model, we may expect the number of fermion species X^f ^ 
to be of order the AdS area in Planck units, which is the number A'dof of field theoretic 
degrees of freedom. If the global charge of each is also of order 1, this gives a prediction 
kf ~ (<5")/-^dof- For Einstein/Maxwell models such as [5][7j, this leads to a supergravity 
scale for kp, of order y/goo/RAdS-, in terms of the gravitational redshift factor qqq at the 
boundary between the UV theory and the IR quantum critical point based on the AdS2 x E? 
geometry. However, the effect need not be seen in classical supergravity - in fact it has not 
been seen at that level [7]. To expose particle/hole pairs may intead require loops in the 



^For other recent discussions of the Luttinger theorem and holography, see for example |40) 

17 



bulk. It may be possible to exhibit the singular behavior of this loop diagram, something to 
which we hope to return in future work. 

In our case, the theory is strongly coupled and the density consists of extended strings, 
so it is far from a Fermi liquid built from pointlike charges. However, it is interesting to 
compare (j3.24p to the relation (j3.25p . Fl strings are electric sources for the Neveu-Schwarz 
Bmn field on the gravity side; this corresponds to a global symmetry in the dual theory. For 
a single fermi surface built from unit charged fermions, this has the form < Q >~ ^f^f 
with Nf = X^j- 1. In our system, the role played by the number Nf of unit charged {Qf = 1) 
fermion species in (I3.25P is played by the continuous parameter l/gl, that is (|3.24p 

Vq. = qt ~ glpi- (3.26) 

This identification of l/g1 as an effective number of degrees of freedom appears to arise 
also in the following independent way. For the particle case, we can read off the number of 
species from the normalization of the two point function; explicitly in the Reissner-Nordstrom 
models this scales like the number of field theoretic degrees of freedom A'dof ~ L\ds/^N 
(times a function of the chemical potential, frequency, and momentum) [7J. Now recall that 
as discussed below (|3.13p . in our case the density two-point function scales like l/g1 (times 
a function of (l,uj,qc^, and q). Given Nf ~ l/^s, it seems that p.24p does give an analogue 
of the Luttinger relation in our system. However, we do not understand this well from first 
principles. It would be interesting to fiesh this out by connecting it to physics in a weakly 
coupled limit of the theory, such as the symmetric orbifold point of 1+1 dimensional sigma 
model dual to AdS'sl^ 

In comparing to the 2kF singularities arising in weakly coupled fermionic systems, it is 
also interesting to ask about the effect of finite temperature T ^ and the effect of a UV 
cutoff. At weak coupling, the Fermi surface is smoothed out at T 7^ 0. In our system, at finite 
temperature there is an additional force attracting the strings to the center of AdS, which 
goes in the right direction to suppress the long string states just mentioned. Still, without an 
ultraviolet cutoff on our theory, the singularities remain at nonzero T (as can be read off from 
(|3.15p ). This happens because the effects of the temperature go away sufficiently close to the 
boundary, and the long string divergence remains. However, with a finite UV cutoff (which 
is required in any case if one wishes to mock up a condensed matter system), the boundary 
is removed or at least drastically changed. So with a finite UV cutoff, we expect that our 
singularities are smoothed out at finite temperature. Even at zero temperature, with a finite 
UV cutoff the divergence in the two point functions will go away, turning into a peak which is 



^°The iVs dependence here is also interesting; it is tempting to incorporate it into the density factor, 
generalizing pi ~ A^i/L* to pis ~ NiN^/L'^. This may be motivated from the fact that at the simplest. 



symmetric orbifold point, the sigma model target space is {T )^ '' /S 



NiN^- 



perhaps similar to those of the Bose Metal studied in [4J . One can also cut off the divergence 
from the long strings by introducing various kinds of axions on the T^ [3BJ • 

3.4.3 Additional structure at larger momentum 

So far, we have seen an interesting divergence in two point functions as \q\ — )• q^,, (j3.24p . 
As described in J12j|llj. this comes from "long string" configurations in which the string 
stretches out to the boundary with finite cost in action; in the Lorentzian theory the short 
strings which are discrete bound states in AdS^ become degenerate with long strings. 

Above this value of momentum, there is an important subtlety in the computation of the 
spectrum and operators of the theory, the implications of which are laid out in the trilogy 
|llj . In order to obtain a unitary theory, one finds that the AdS part of the vertex operators 
must now be built from a vacuum state which is annihilated by a shifted ("spectral flowed") 
subset of the modes of the currents in the worldsheet SL(2,R) WZW model. Let us briefly 
explore the effect of this on the momentum dependence of correlators in bands of momenta 
with 1^ > g*. 

As mentioned above, we are interested in the lowest spacetime energy states which are 
worldsheet current algebra primaries. We consider these lowest-lying states rather than ex- 
cited oscillator levels because the latter have too many physical states to be dual to nontrivial 
conserved currents. One subtlety is how to unambiguously continue the currents of interest 
into the higher bands of momenta, given the existence of two classes of operators (known as 
short/long strings, or discrete/continuous representations [11]) both of which include oscilla- 
tor ground states. We will consider here the lowest energy states in each band of momenta, 
and read off from the solutions in [11] where additional singularities in momenta can arise 
in the two point function of the corresponding operator. This is sufficient to exhibit addi- 
tional sectors of soft modes related to multiply wound strings (perhaps analogous to multiple 
particle-hole pairs). 

Starting at g^, there is a strip of width 1/2 in the momentum squared q^a' for which there 
are no discrete (short string) states at the lowest string oscillator level. Instead, the lowest 
energy states are still long string states in this strip. They are delta function normalized, 
and their two point functions have no poles, zeros or other singularities in this range. For a 
finite range of momenta above that, a new window of discrete states contributes, starting at 
a zero at q^a' — )• {N^ + 4)/4 — 1/4A^5 and ending at a divergence as q'^a' -^ N^ + 1 — l/AN^. 

This structure repeats, with the successive ranges of momenta indexed by an integer w. 
The strip with long strings as the lowest lying states grows larger (of width w, for increasing 
positive integers w), lying in the range 

(^V^±2K_u^ .^,^^^(iV^±2K^^, (3.27) 

4 2 ^ 4Nr, 4 2 ^ ^ 
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The range of momenta for which the lowest lying operator is a short string is given by 

^^^^^ + |<,V + ^<<^i±^f±l£-!^. (3.28, 

The complete calculation of two point functions (as well as higher point functions) was 
developed in [1^. From that solution, we can read off for example the loci in momentum 
space where the two point function vanishes or diverges. It approaches zero as we approach 
the following momenta from above 

A'^^^^+2-4^ -/O. (3.29) 

This is the lower end of the wih. band of momenta covered by the discrete (short string) 
states. 

The two point functions diverge as we approach the following momenta from below (gen- 
eralizing the behavior as q^ — ;■ q^ we discussed above): 

2 , ^ {N^ + 2){w + lf w + l 1 

Q a — ^ : -— - . 0.3U 

^ 4 2 4iV5 ^ ' 

This is the upper end of the tilth band of momenta covered by the short string states. 

For weakly coupled fermions, there is also spectral weight above 2fei?, with additional 
singularities arising at multiples of 2kF from multiple particle/hole pairs. We are at strong 
coupling, and it would be interesting to understand the pattern of singularities we get here 
from a more traditional field theory point of view. 

The two point functions in this theory seem not to be analytic in the momentum along the 
i?^ directions; indeed the spectral flow discovered in [11] avoids nonunitary behavior which 
would follow from a naive analytic continuation of the two point function (j3.13p . Usually 
one derives the analytic structure of two point functions from a spectral decomposition, 
introducing a complete set of states which includes an integral over all momenta. In our case, 
the complete set of states one inserts is itself described in the piecewise way just indicated, 
depending on the integer w whose value depends on which range of momentum one considers. 
It would be interesting to understand better how this arises from the point of view of the 
5+1 dimensional dual theory. 

3.4.4 Remarks 

There have been previous indications that stretched strings could produce "2^^?" type sin- 
gularities. One example is the DBI theory of flavor branes in gauge/gravity duals, for which 
a critical electric field develops which effectively reduces the open string tension, making 
stretched strings energetically cheap. The present work seems encouraging for this idea more 
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generally, and it would be interesting to return to other examples. Relatedly, it would be 
interesting to understand whether there is a useful string bit picture which explains the 
Fermi surface like behavior here in terms of fermionic constituents of larger gauge-invariant 
operators, as in discussions of Bose metals and FL* phases [4]. 

4 Discussion 

The main observations in this paper have been the following: 

1) Large density can drive a controlled holographic description of a quantum field theory, 
even in some cases without a large number of colors. 

2) One example of this is the infrared limit of the NS5/F1 theory, which can be viewed as a 
5+1 dimensional theory at finite density. This is stable, and exactly solved at the level of ol 
effects in string theory on the gravity side [11]. This solution yields three interesting results 
for questions of interest in finite density field theory: 

a) For velocities perpendicular to the strings, the viscosity to entropy ratio is l/47r, 
uncorrected by a' effects in this model. 

b) For velocities along the strings, the viscosity to entropy ratio vanishes as T^ at low 
temperature. 

c) There are singularities from soft modes at a sequence of nonzero momentum scales. 
In particular, this provides a relatively clean example in "AdS/CMT" where string theoretic 
effects are important to include and have been calculated. 
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A Conserved currents 

In this appendix, we construct physical states and relate them to currents in our 5+1 dimen- 
sional finite density theory. See [12] for an analysis of currents in the 1+1 spacetime CFT. 
In this appendix, for simplicity we focus on the bosonic theory and use the notation of |llj . 
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A.l w = 

Single-trace operators in the CFT are in one-to-one correspondence with single particle string 
states. Here we identify the physical states of low dimension, and then single out those dual 
to conserved currents. The states are representations of the left- and right-moving SLk{2,R) 
algebras 





— --^nOn+rnfl, 


[JIJ^] 


- ±7^ 


Wn ' '^mi 


= -2 J„_,_„ -1- kn6n+m,0 , 



(A.l) 

and of the oscillator algebra on the T^; we take all states to be trivial on the S^. The 
spacetime weights m,m are the eigenvalues of Jg, Jg. We consider massless states with 
w = (no spectral flow). To obtain these, we start from a current algebra ground state 
\j, m, fh) and excite to the first level on the right and left. The mass-shell condition is then 
as noted in the text, 2j(j — 1) = {k — 2)q^ . In this appendix we work in units of a' = 2. 

We solve the physical state conditions, for which we can focus on the left- and right- 
movers separately. We can then condense the notation \j,m,7h) — )■ \m). There is a unique 
state of weight m = j — 1: 

m = JZ^\j)/{k-2), (A.2) 

with a normalization that will be convenient below. This state is physical: (k — 2)Li||0) = 
JqIJ) + JZiLilJ) = 0. The notation \\m) will denote a physical state at the first excited level 
whose weight is j — 1 + m and so goes to m in the limit g^ — t- 0. 
At weight m = j there is 

aJZilJ + 1) + /3J'i|i) + eraL,\j) , (A.3) 

with physical state condition 

aCj + 13 j + er-q'' = . (A.4) 

We have defined 

C^ = {m+l)m- j{j -1) , J^\m) = Cm\m+1) , Jq \m) = Cm-i\m - I) . (A.5) 

In particular, Cj = \/2j. By subtracting a null state oc L_i|j) we can set q = 0, and so the 
physical states are ej.||lr) where 

\\lr) = i-q^jl,/j + aL,)\j). (A.6) 
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At weight m = j + 1 the general state is 

a.r,\j + 2) + (3J^^\j + 1) + 7J+,|i) + eraLilJ + 1) , 

with physical state condition 

aC,+i + (3{j + 1) + -fCj + erq' = . 

Again we subtract a null state to set a = 0, leaving as physical states 

||2) = -C,J^|i + l)/(i + l) + J+|j), 
||2r) = (-gV+/(j + l) + a1i)U + l). 

The spacetime symmetry J^ takes physical states to physical states: 



(A.7) 



(Ai 



(A.9) 



JqW^) = -gr-||lr)+null, 

2)/i 



^^l|l^) 



Cj\\2r)+q'- 



-||2r)' + nun. 
We have defined ||2r)' = — Cj||2r) — g^||2)/j so that, up to null states, 



Jo+||0)+g,||lr) =0, 
Jo+||lr) + \\2r)' = 0. 



(A.IO) 



(A.ll) 
(A.12) 



The generators Jq,Jq act on local operators as Px,Px- The condition for a conserved 
current is therefore that the corresponding states satisfy 



Jo\Js) + J^\Jx)+qr\Jr)=0. 



(A.13) 



In fact, the relation (jA.lip allow us to construct chiral currents in which only one of Jq or 
Jq" appears. At q = this is the familiar result that all CFT currents are chiral, but it is 
surprising that this extends to nonzero q. Thus we define the following conserved currents: 



|i7x,x/ — 


|o,o). 


|j;,^) = ||lr,0) 


\J^,s) = 


|o,is), 


\Jr,s) = \\lr,ls 


\J,,,) = 


|0,2), 


\Jr,x) = \\lr,2) 


\J.,,) = 


|o,6). 


\Jr,,) = \\0,lr) 


\Jx,s) = 


|ls,0). 


\Jr,s) = \\ls,lr 


\J.,.) = 


|2,0), 


\\Jr,.) = \2,lr) 



(A.14) 



(A.15) 



In Jm,n, M is the component and N distinguishes the different currents. The states 
||2r)', \\2r)' do not give rise to distinct currents because they are descendants by (jA.12p . 
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From the weights and symmetries we identify (1) Jx,x oc T^^^-, Jx,x oc T^x'-, (2) Jx,s = Js,x 
and Jx,s = Jr,x are the currents associated with (KK momentum it winding number) on the 
T"^; (3) the symmetric and antisymmetric parts of J^^s = Js,t are T^-^g and the winding number 
flux on T'*; (4) J^^x oc T^j., Jr,x oc T^^.; (5) Jx,x = c7x,x should be the Fl density (note that 
its dimension goes to zero with g, reflecting the nonzero expectation value). Thus, the three 
currents in each set arise from conservation of Fl density, conservation of T^ momentum and 
winding, and conservation of CFT Poincare energy-momentum. 

The identifications just given appear to overcount, in that Trx is both the weight (2, 1) + 
0{q^) current J'r^x and also the weight (1,0) + 0{q^) KK momentum current. The point is 
that the transverse and longitudinal parts of T^.^ along T^ have different dimensions, and we 
must refine the identifications above. This issue has already arisen in the AdS2 x B? analysis 
of Refs. [7]. Only the longitudinal part of Jr^x appears in the conservation equation, and so 
we identify this with the longitudinal part of T^-x- Similarly, U{1) KK currents are constant 
along the KK directions, and so only the transverse part should be identified with that of 

J-rxL-i 



A. 2 w^Q 



Spectral fiow does not take conserved currents into conserved currents, because the spacetime 
derivative Jq fiows to J^. Thus there is no natural continuation of the u; = currents to 
larger ranges of q^. We must extend the construction to nonzero w. The construction above 
does not apply directly, because it assumes that the states (J(^)'|j) are lowest weight in the 
current algebra, which is only true at tf = 0. However, the extension seems quite simple. 
Note that 

||lr) = -{q'-/q^)J+m + {5^' - q' q' /q^)\\lr) + imW . (A.16) 

Now, choose any states |xo)) Ixi)- Defining 

||0) = Ixo) , ||lr) = -{q'-/q^)4\xo) + ((^" - gV/9')lxD , (A.17) 

we have a conserved current 

Jo+||0) + g,||lr) = (A.18) 

(tensoring with any right-moving state) . Generally one regards such automatically-conserved 
currents as trivial; what makes the usual Noether currents (including those above) nontrivial 
is that they are nonsingular at (7 = 0, unlike the gereric ()A.17p . But the currents at tf 7^ are 
defined only for q^ greater than some minimum value, and there seems to be no distinction in 



^^In Refs. [7], the correlators contained sufBcient powers of q^ that the separation into longitudinal 
and transverse parts was nonsingular at g = 0. These powers arose due to the + 1 dimensional 
kinematics of their CFT factor. We have not studied the corresponding issue here. 
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this case between trivial and nontrivial currents. Presumably the energy-momentum tensor 
in the underlying theory goes over to a sum over all such currents, dominated by that of 
lowest dimension. 
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